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Dielectric and conduction effects in non-Ohmic electrorheological fluids
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Dielectric and conduction effects in electrorheological~ER! suspensions with non-Ohmic conductivity of the
host liquid and with ac applied electric field are investigated. It is found that the conductivity ratioGs , the
non-Ohmic conductivity parametersA andEc of the host oil, the dielectric constant ratioG« , and the applied
field frequency are important parameters that determine ER response. The effects of these parameters are more
complex than in the case of host liquids with simple Ohmic conductivity. If the ac field frequency is high, the
conductivity effect disappears; if the frequency is low the dielectric effect disappears. The current density is
independent of the frequency below a critical value, but it increases with frequency beyond the critical value.
The critical frequency is larger for ER suspensions having non-Ohmic conductivity of the host liquid than with
Ohmic conductivity. Good agreement occurs between experimental measurements of the current density and
attractive force between particles~including shear yield stress! and predictions by our model.
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I. INTRODUCTION

Early studies@1–5# on the interaction force between tw
adjacent particles in an electrorheological~ER! suspension
assumed that both the conductivity and dielectric constan
the materials~particles and host liquid! are independent o
the electric field, and thus predicted the interaction forcef a
to be proportional to the square of the product of the po
izability b and the applied fieldE0 , i.e.,

f a}~bE0!2, ~1!

where

b5~Kp2K f !/~Kp12K f ! at high frequency ac field
~2a!

and

b5~sp2s f !/~sp12s f !

at dc field or low frequency ac field. ~2b!

For any other frequency of ac electric field it is sugges
that b simply be replaced by the complex polarizability@6–
8#

b* 5~Kp* 2K f* !/~Kp* 12K f* !, ~3!

where the relative complex permittivityK* 5K2 iK 9. K is
the real component,K95s/v«0 the loss component, ands
the conductivity; the subscriptsp and f refer to the particles
and host liquids, respectively.
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Recent studies@9–11# on the conductivity of the host liq-
uid show that most oils used in ER suspensions are n
Ohmic, in that the electric field dependence of the cond
tivity has a form in accord with Onsager’s theory@12# for
nonpolar liquids. This theory ascribes the increase in cond
tivity with electric field to an increase of the ionic dissoci
tion constant. Felici, Foulc, and Atten@9# gave the following
simplified expression for Onsager’s theory for the dep
dence of the conductivity on electric field:

s f~E!5 j /E5s f~0!@12A1A exp~AE/Ec!#, ~4!

where j is the current density flowing through the liquid,E
the electric field,A a constant, andEc a characteristic elec
tric field, both depending on the liquid. It has been verifi
that Eq.~4! is a good approximation of Onsager’s theoretic
treatment@11#.

Using Eq. ~4! a number of workers@13–16# developed
conduction models for the ER response of suspensions
host oil having non-Ohmic conductivity. These models ga
good agreement between predicted ER behaviorwith dc field
and that measured. For example, Tang, Wu, and Con
@13,14# and subsequently Wu and Conrad@15# predicted that
the shear yield stress is proportional toE0

1.4– 1.6 at E050.5
25 kV/mm for zeolite-silicone oil and glass beads-silico
oil suspensions, in accord with experimental results. Futh
Davis and Ginder@16# using a simplified analysis predicte
that the shear yield stress of ER fluids is proportional toE0

1.5.
Davis @17# subsequently gave the same prediction using
integral equation method.

In this paper we develop a general approximate met
for predicting the ER response atany frequency of the elec
tric field for ER suspensions with non-Ohmic conductivity
the host liquid.
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II. BASIC THEORY

Consider a single chain with an infinite number of sphe
cal particles aligned in the direction of the applied elect
field and surrounded by a nonpolar liquid. Two half sphe
in such a chain are shown in Fig. 1. Assume the app
voltage is

V~ t !5V0cosvt5Re~V0eivt!, ~5!

where v is the annular frequency andt the time. LetE*
denote the complex amplitude of the electric field.

Because we consider a very complex situation where c
trasts in both dielectric constant and non-Ohmic conductiv
must be taken into, it is too difficult to use an exact theor
ical treatment~even a numerical method!. Here we use the
same assumption proposed by Tanget al. @13#, i.e., a uni-
form distribution of the axial field in the particles and ho
oil. This assumption gave a good estimate for non-Ohmic
response@9,13–15#. Based on this assumption we have alo
the y axis in Fig. 1 the following approximate equations:

2aEp* 1sEf* 5V0 , ~6!

sp* Ep* 5s f* Ef* . ~7!

Equation~6! is a voltage continuity condition and Eq.~7! the
current density continuity condition. In the ‘‘contact cente
(x50), the complex amplitudes of the local electric field
the liquid layer and in the particles are, respectively~see
Fig. 1!

Ef* 5
sp* V0

2as f* 1ssp*
5

~sp1 iv«p!V0

2a~s f1 iv« f !1s~sp1 iv«p!
, ~8!

Ep* 5
s f* V0

2as f* 1ssp*
5

~s f1 iv« f !V0

2a~s f1 iv« f !1s~sp1 iv«p!
, ~9!

where«* is the complex permittivity«* 5«1s/ iv, s* the
complex conductivitys* 5 iv«* 5s1 iv«, s and « the
conductivity and permittivity. The subscriptsp and f refer to
particles and host liquid, respectively. It should be noted t

FIG. 1. Geometry of two conducting half spheres immersed
host liquid.a is the radius of the particles,h(x) is the gap between
two particles at locationx, s5h(0) is the minimum gap,E0

5V0 /(2a1s) is the magnitude of the applied field,s is conduc-
tivity, and « is permittivity. The subscriptsp and f refer to the
particles and the host liquid.
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the conductivity of the host liquid is non-Ohmic and is d
scribed by Eq.~4! with the electric fieldE being replaced by
the rms value of the local field in the host liquid. Since
exact field dependence of the oil conductivity has been
ported for ac field, we will assume that it has the same re
tion as given for a dc field@Eq. ~4!#.

The complex amplitude of the current density is

j * 5sp* Ep* 5s f* Ef* 5
s f* sp* V0

2as f* 1ssp*
. ~10!

Letting V52p f K f«0 /s f(0) ~where f is the frequency of
the applied electric field!, G«5«p /« f , Gs5sp /s f(0), S
5s/2a, we obtain

Ef* 5
~11S!E0

s f* /sp* 1S
5

~11S!E0

~c1 iV!/~Gs1 iVG«!1S
, ~11!

whereE05V0 /(2a1s) is the amplitude of the applied elec
tric field, and

c512A1A exp@ uEf* u~&Ec!#
1/2. ~12!

In the casex.0, an equation similar to Eq.~11! is still
used to estimate the local electric field distribution betwe
the two adjacent particles. Howevera ands in Eqs.~8!–~11!
should be replaced bya85aA12(x/a)2 and s85s12a@1
2A12(x/a)2#. The normalized separationS should be re-
placed byS85(S11)/A12(x/a)221.

Having obtained the distributionEf* (x) of the complex
amplitude of the local electric field, we can get the elect
field in the host liquid layer:

Ef~x,t !5Re~Ef* eivt!5&E~x!cos@vt1uE~x!#, ~13!

whereE(x)5uEf* u/& is the rms value ofEf(x,t) and

uE5tan21F Im~Ef* !

Re~Ef* !G ~14!

is the phase angle shift from the applied field and is a fu
tion of the locationx and the normalized separationS of the
particles. It should be pointed out that the local electric fie
E(x) is also a function ofS. But for simplification we will
useE(x) instead ofE(S,x).

The complex amplitude of current density is

j ~x!* 5s f* ~x!Ef* ~x! ~15!

and the current density at locationx at any timet is

j ~x,t !5& j ~x!cos@vt1u j~x!#, ~16!

where j (x)5u j (x)* u/& is the rms value ofj (x,t) and

u j5tan21F Im@ j ~x!* #

Re@ j ~x!* #G ~17!

is the phase angle of the current density shift from the
plied electric field, which is a function of the locationx and
the normalized separationS of the particles. The rms value
of the average current density over a chain of particles is

a
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56 5791DIELECTRIC AND CONDUCTION EFFECTS IN NON- . . .
J5H v

2p E
0

2p/vF 1

pa2 E
0

a

2px& j ~x!

3cos@vt1u j~x!#dxG2

dtJ 1/2

. ~18!

If the local field in the liquid layer is much larger than th
in the particle, which occurs usually in ER suspensions,
attractive force between two particles is approximated by

f a~ t !5
1

2
«0K fE

0

a

2puEf~x!* u2cos2@vt1uE~x!#x dx

5«0pa2K fErms
2 F~S,t !, ~19!

where the normalized forceF(S,t) is

F~S,t !5E
0

1

2@E~j!/Erms#
2cos2@vt1uE~j!#j dj.

~20!

Herej5x/a andErms is the rms value of the applied electr
field. The rms value of the normalized attractive force is

F rms5S c

2p E
0

2p/v

F~S,t !2dtD 1/2

~21a!

and the mean value ofF(S,t) is

Fmean5
v

2p E
0

2p/v

F~S,t !dt. ~21b!

The shear yield stress should be

tErms
5« fErms

2 maxS F rms~g!
g

A11g2D ~22a!

or

tEmean
5« fErms

2 maxS Fmean~g!
g

A11g2D . ~22b!

In most experiments, the measuring meters give the
value of the ac signal, but some meters may give the m
Since in a real ER fluid there are many chains spanning
two electrodes, Eqs.~19!–~22! should therefore be multiplied
by a factor 3

2 f @13–17#, wheref is the volume fraction of
the particles in the ER suspension. If the current pass
through both the chain and fluid phases is considered,
current density is

J5H v

2p E
0

2p/vF 1

a2 E
0

a

3pfx& j ~x!cos@vt1u j~x!#dx

1~12 3
2 f!& j ~a!cos@vt1u j~a!#G2

dtJ 1/2

~23!

or roughly estimated by omitting the phase angle effects
the current passing through the chains and the pure liqu
e

s
n.
e

g
he

f
:

J5
3

2
fH v

2p E
0

2p/vF 1

pa2 E
0

a

2px& j ~x!

3cos@vt1u j~x!#dxG2

dtJ 1/2

1~12 3
2 f! j ~a!, ~24!

wherej (a) is the current density~rms value! of the pure host
liquid under the applied electric field:

j ~a!5ErmsAs f
21~2p f « f !

2. ~25!

With dc field j (a) is very small compared to the curren
density in the chains, but at high ac field it should be co
sidered. It should be pointed out that Eq.~11! is a strong
nonlinear complex equation that can be numerically solv
by a computer. In all calculations the radius of the particlea
is divided into 40 elements.

III. COMPUTED RESULTS

To check the accuracy of our approximate analyti
method, Fig. 2 compares the computed local field distri
tion by Chenet al. @4# for an Ohmic ER suspension with ou
approximate method by takingA50 in Eq. ~4!. Chenet al.
did not give the local field distribution in the midplane in th
gap between two spheres but only the local field distribut
on the sphere surface, so only a rough comparison is give
Fig. 2. In our calculation we takeG«510, Gs50.1, s f
52.4310212 S/m, K f52.5, and f 51000 Hz, so that the
conduction effect disappears. At small separationS, our ap-
proximate method gives a slightly lower estimate than Ch
et al. @4# for the local distribution in the liquid gap near th
chain axis~smallx!, but gives a little higher value than Che
et al. far from the chain axis~large x!. The reason our
method gives a lower estimate for the local field near the a
is mainly due to our assumption mentioned above. Assum
Ohmic conduction of the host liquid the linear numeric
solutions@2,18,19# of the field distributions indicate that with
small separationS and highG« ~at high frequency ac field! or
high Gs ~at dc or low frequency ac field!, high fields in the
gap between spheres are restricted to a small region nea
symmetry axis. As a result, much of the potential drop ins
a sphere is concentrated into small volumes adjacent to
points of closest approach to other spheres. According to
~7! the local field in the liquid near the sphere surface is hi

FIG. 2. Comparison of the local field distributions predicted
our model on the midplane between two adjacent particles (A50)
and those predicted by Chenet al. @4# on the particle surface for an
ER chain. See text for assumptions in the calculations.
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5792 56C. W. WU AND H. CONRAD
However, this is a purely theoretical prediction with the im
portant assumption ofOhmic conductivity. In practice, the
local field in the host oil cannot increase infinitely. On t
one hand, the host oil has a breakdown field limit, and on
other, the host oil is usually strongly non-Ohmic at high fie

FIG. 3. Comparison of the measured shear yield stress@20,21#
and those predicted by the present model~taking A50! and by
Ginder and Davis@21# vs the dielectric constant of particles wit
applied ac field ~f 5400 Hz, K f52, f50.2, Gs510, and s f

510211 S/m!. The open symbols are the experimental data ta
from Garinoet al. @21# and the solid circle is the experimental valu
reported by Ginder and Davis@20#. The solid curves are predicte
by the present model and the dashed by Ginder and Davis@20#.

FIG. 4. ~a! The local electric field distribution~rms value! in the
liquid layer between the two particles and~b! the corresponding
phase angle with respect to the applied field~S50.005, i.e.,R/a
52.01, Gs5106!. ~1! G«5103, f 5103 Hz; ~2! G«5103, f
510 Hz; ~3! G«55, f 510 Hz; ~4! G«55, f 5103 Hz.
e
@9,10#. For example, Davis@17# using the finite element ap
proach~FEA! predicted the maximum local field in the o
gap is;1000E0 when G«5100 andS5531024 with the
assumption of Ohmic conductivity. This means that t
maximum local field may reach the order of MV/mm, whic
is clearly impossible. Finally, for the application of ER flu
ids, since we are more interested in the shear yield st
~which usually occurs in the rangeS50.02– 0.07@3#!, the
so-called exact theoretical calculation of local field in a ve
small oil gap using the Ohmic conductivity assumption is n
very important. This is especially the case when the diel
tric constant ratioG« ~at high frequency ac field! or the con-
ductivity ratio Gs ~at dc or low frequency ac field! is high.

Figure 3 gives a further comparison of the predicted sh
yield stress by our approximate method (A50) and by
Ginder and Davis@20#; also given are some experiment
data@21#. This indicates that our approximate method give
more reasonable estimate for the ER shear yield stress
the so-called exact theoretical analysis. When the dielec
constant ratio~or conductivity ratio at dc field! is less than 10
our approximate model gives almost the same estimate
Ginder and Davis@20#. However, Anderson@19# gave at high
dielectric ratio a higher predicted yield stress than Gin
and Davis@20# and our model.

In most of the following calculations we will take Dow
Corning 200 silicon oil as an example of a host liquid wi
non-Ohmic conductivity. Experimental measurements@10#
give for this oil the non-Ohmic conductivity parameters
Eq. ~4!: s f(0)52.4310212 S/m, A50.007, Ec50.21
kV/mm.

Figure 4~a! gives the ratio~rms values! of the local elec-
tric field in the liquid gap between two particles to the a
plied field with different frequencies and for several diele
tric and conductivity ratios. The magnitude of the local fie

n

FIG. 5. The local current density distribution~rms value! in the
liquid layer between the two particles@Gs5106, S50.005(R/a
52.01), Erms53 kV/mm#: ~a! f 510 Hz and~b! f 5103 Hz.
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56 5793DIELECTRIC AND CONDUCTION EFFECTS IN NON- . . .
depends onGs , G« , V52p f K f«0 /s f(0), A, andEc . We
cannot easily conclude when the dielectric effect compa
to the conduction effect dominates the ER behavior. Ho
ever, if Gs@G« , the non-Ohmic conduction effect wil
dominate the ER behavior@here Gs is defined asGs

5sp /s f(0)@sp /s f(E)#. If Gs,G« , the opposite occurs
Further, a high local electric field occurs mainly in the ‘‘co
tact zone’’ of the two particles, which is also predicted for
Ohmic host oil with ac field@22# and for a non-Ohmic oil
with dc field @13–17#. Another characteristic of the loca
field in a non-Ohmic conduction liquid is that there exists
saturation regime near the contact zone.

Figure 4~b! shows the shifted phase angle of the loc
electric field from the applied field corresponding to F
4~a!. It should be noted that the magnitude of the phase an
does not relate directly to the magnitude of the local elec
field.

Figures 5~a! and 5~b! give the rms value of the local cur
rent density. The local current density occurs mainly in

FIG. 6. The phase angle of the electric current with respec
the applied field corresponding to Fig. 5:~a! f 510 Hz and~b! f
5103 Hz.

FIG. 7. The normalized attractive force between two particles
the normalized separation for various frequencies and takingG«

55 andGs5106.
d
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l
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‘‘contact zone’’ at low frequency, but this is not so clear
high frequency~especially with smallG«!. Figures 6~a! and
6~b! give the phase angle shift vsx/a. Of interest is that now
the corresponding phase angle distribution of the local c
rent density is not the same as that in an Ohmic liquid@see
Fig. 2~b! in Ref. @22##. The strange shape of the phase an
distribution in Figs. 6~a! and 6~b! is due to the non-Ohmic
conductivity of the host oil. The phase angle of the curre
densityu j is the sum the phase angles of the local field a
the complex conductivity of the host liquid. The comple
conductivity of the liquid iss f* 5 iv« f* 5s f(E)1 iv« f . In
the ‘‘contact zone’’ ~small x!, the conductivitys f(E) in-
creases to a few orders of magnitude higher thans f(E0),
which makes the phase angle of the complex conducti
decrease quickly~minimum to 0! with decrease inx. Outside
the ‘‘contact zone’’ s f(E) decreases quickly withx to
s f(E0), which makes the phase angle of the complex c
ductivity increase rapidly~maximum to 90°!. In contrast, the
phase angle of the local field decreases rapidly~minimum to
0°! with x @see Fig. 4~b!#.

Figures 7 and 8 show, respectively, how the attract
force changes with the normalized separation of the parti
and with the frequency of the applied field for a single cha
of particles. If Gs@G« , the non-Ohmic conduction effec
dominates the ER strength and gives a higher attractive fo
at low frequency than at high frequency~Fig. 7!. If Gs

,G« , but they are of the same order of magnitude, lit
difference is observed for different frequencies~Fig. 8!.

Figure 9 gives the rms values of the attractive force ver
the normalized separation whenGs510 and G«5103. A
stronger ER response occurs at high frequency than at
frequency. It should be pointed out that in the case of n
Ohmic conductivity of the host oil the rms value of the a
tractive forceF rms is not equal toA3/2Fmean especially at
high G« . Usually F rms5(1.12A3/2)Fmean. The reason the
curves in Figs. 7, 8, and 9 tend to decrease to the same v
asS becomes large is that the non-Ohmic conductivity eff
disappears and the frequency has little effect on the ER
sponse. The point-dipole approximation givesF rms50.3
when S50.5 andG«51000 compared toF rms'2 predicted
by our model.

Figures 10 and 11 show the average current density a
a chain for different magnitudes ofGs andG« . The current
density in general has a larger value at high frequency tha
low frequency. WhenS,0.1 the current density shows onl
little change with separation of the particles.

o

s

FIG. 8. The normalized attractive force between two particles
the normalized separation for various frequencies and takingG«

55 andGs510.
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5794 56C. W. WU AND H. CONRAD
Figures 12~a! and 12~b! give the shear yield stress an
current density versus the frequency for different values
Gs andG« . If Gs@G« , a higher shear yield stress occurs
low than at high frequency; ifGs,G« , the opposite occurs
The rms value of the shear yield stress is about 1.2 times
mean value, which is slightly different from the attractiv
force. Of interest is that, if the dielectric effect is larger th
the conductivity effect, the transition regime from the co
ductivity domain to the dielectric domain is larger than in t
case of Ohmic conductivity of the host liquid@22#. The rea-
son for this is that with an increase in frequency, the diel
tric influence increases; i.e., the local field increases. H
ever, due to the non-Ohmic conductivity of the host liqu
its conductivity increases with the increase in the local fie
Obviously, the stronger the non-Ohmic character of the h
fluid, the less will be the increase in local field. However,
the dielectric effect is smaller than the conductivity effe
@Fig. 12~a!, case 1#, the transition regime is of the same ord
as that for Ohmic conductivity. The reason curves 2, 3, an
converge in Figs. 12~a! and 12~b! at a high frequency is tha
these three curves have the same dielectric constant rati
have different conductivity ratios.

Figure 13~a! shows the shear yield stress~rms value! de-
pendence on the applied field when the dielectric ratio
smaller than the conductivity ratio (G«!Gs). The ER re-
sponse at low frequency (f <102 Hz) is stronger than that a
high frequency and has a field dependence ofErms

1.5 . At high
frequency (f >103 Hz) the shear yield stress has a field d
pendence ofErms

2 . It is interesting that, althoughf 5103 Hz
is in the transition regime@see Fig. 13~a!# the shear yield
stress still shows a field dependence ofErms

2 . In contrast to

FIG. 9. The normalized attractive force~rms value! between two
particles vs the normalized separation for various frequencies
taking G«5103 andGs510.

FIG. 10. The average current density of a single chain of p
ticles vs the normalized separation for various frequencies.G«55,
Gs5106, andErms53 kV/mm.
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Fig. 13~a!, Fig. 13~b! gives the case when the dielectric e
fect is larger than the non-Ohmic conductivity effect, ev
though Gs5sp /s f(0).G«5«p /« f . This gives a weaker
ER response at low frequency than that at high freque
and the shear yield stress has a field dependence ofErms

1.51,
Erms

1.53, and Erms
1.54 for the frequencyf 50, 50, and 103 Hz,

respectively.

IV. COMPARISON OF THEORY WITH EXPERIMENT

Figure 14 compares the predicted value of the attrac
force ~taking S51025! and that measured by Boissy, Foul

nd

r-

FIG. 11. The average current density of a single chain of p
ticles vs the normalized separation for various frequencies.G«

5103, Gs510, andErms53 kV/mm.

FIG. 12. The ER response in the transition region, conductiv
domain, and dielectric domain for a single chain of particles~S
50.005, Erms53 kV/mm!: ~a! the shear yield stress and~b! the
average current density.~1! G«55, Gs5106; ~2! G«5103, Gs

5106; ~3! G«5Gs5103; ~4! G«5103, Gs510.
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56 5795DIELECTRIC AND CONDUCTION EFFECTS IN NON- . . .
and Atten@23#. The radius of the two half-sphere particles
7 mm ~the distance between the electrodes is 14 mm!. The
conductivity of the particles given in Ref.@23# is sp51.7
31028 S/m. The non-Ohmic conductivity parameters of t
oil are obtained by fitting the experimental data~curve 1 in
Fig. 6 of Ref. @24#! to Eq. ~4!. They are s f(0)53
310213 S/m, A51.35, andEc51.49 kV/mm. The dielectric
constant of the oil isK f52.2. The dielectric constant of th
particles decreases with the frequency@23#, i.e., when the
frequencyf 510, 50, and 1000 Hz, the dielectric constant
the particles isKp534, 24, and 18, respectively. Evident
Fig. 14 is that the attractive force predicted by the pres
model is in good agreement with that measured. The rea
the measured force at low field and high frequency is sligh
smaller than predicted is probably that the force is too sm
to be measured accurately@25#.

FIG. 14. Comparison of the frequency dependence of the
dicted attractive force~rms value! between two polymer particle
immersed in mineral oil~Elf TF50! with that measured by Boissy
Foulc, and Atten@23# ~experimental: open symbols; theoretica
solid curves!. Radius of the particlesa57 mm, S51025.

FIG. 13. The shear yield stress~rms value! dependence on the
applied field at various frequencies for a single chain of partic
~a! G«55, Gs5106 and ~b! G«5103, Gs5106.
f

nt
on
y
ll

Figure 15 gives the dependence of the attractive force
the applied field~again takingS51025!. At ac field frequen-
cies f 550 and 200 Hz, our model predicts that the attract
force is proportional toErms

2 , in good agreement with experi
ment. With dc field the predicted attractive force is propo
tional to Erms

1.3 (S51025) compared to the experimenta
F rms}Erms

1.6 . If we take S51022 our model predicts tha
F rms}Erms

1.45 ~dashed line in Fig. 15!, which is in better agree-
ment with experiment. With ac fields the predicted force h
no dependence onS in this range of particle separation. Th
reason the dependence of the attractive force on dc field
ies only slightly withS is that at high field saturation of th
local field occurs for a large range ofS. At low field, how-
ever, only in a small range ofS does saturation occur. Henc
increasingS leads to a slight increase in the attractive for
~see the dashed line in Fig. 15!. A detailed investigation of
field saturation is given in Refs.@9–11,15#.

Figure 16 compares the predicted gain-frequency cha
teristic of the system of two polymer particles in mineral o

e-

FIG. 15. Comparison of the electric field dependence of
predicted attractive force~rms value! between two polymer par-
ticles immersed in mineral oil~Elf TF50! with those measured by
Boissy, Foulc, and Atten@23# ~experimental: open symbols; theo
retical: solid curves forS51025 and dashed curves forS50.001!
Radius of the particlesa57 mm. Note that whenf 550 and 200 Hz
the solid curves forS51025 and the dashed curves forS50.001
come together.

:

FIG. 16. Comparison of the predicted gain of two polymer p
ticles immersed in mineral oil vs the frequency with that measu
by Boissy, Foulc, and Atten@23# ~experimental: open symbols; the
oretical: solid curves for non-Ohmic conductivity and dashed cu
for Ohmic conductivity!. Radius of the particlesa57 mm, S
50.1025. Gain is defined as ln(I/V), whereI is the output current
andV the applied field.
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and that measured, where gain5 ln(I/V), I is the measured
output current andV the applied voltage~rms value!. At high
frequency the predicted value is in good agreement with
periment @23#. At low frequency, although the predicte
value is smaller than that measured, the general trend o
gain is to increase with the applied voltage, similar to t
experiments. The possible reasons for the difference at
frequency@25,26# are~a! experimental error and~b! the con-
ductivity s f(0)53310213 S/m of the oil at low field used
in the experiment is slightly higher than given in Ref.@23#. If
we takes f(0)510212 S/m, the predicted gain is in goo
agreement with experiment over the entire frequency ran

Figure 17 compares the dependence of the sh
yield stress on the ac applied field predicted by the pres
model for BaTiO3–silicone oil and BaTiO3-dodecane
suspensions and that measured by Milleret al. @27# and
by Ginder and Davis@20#. Again, there is good agree
ment between the predicted and measured values for
suspensions.

V. DISCUSSION

This paper investigates combined effects of dielectric a
conduction in the ER response of suspensions with ac fi
assuming that the conductivity of the host liquid is no
Ohmic. The derived model predicts that the shear yield st
of an ER fluid is proportional to the square of the appli
electric field in the dielectric domain~i.e., at high frequency!,
and to about the3

2 power in the conductivity domain~dc or
low frequency ac field!. The agreement with experiment
better than when the conductivity of host liquid is assum
to be Ohmic@22#.

Whittle et al. @28# included a Debye-type relation in the
expression of the complex dielectric constant and compa
their experimental results of the pressure drop in an ER va
versus frequency with the real and imaginary component

FIG. 17. Comparison of the predicted shear yield stress~rms
value! with that measured by Miller, Randall, and Bhalla@27# for
BaTiO3–silicone oil suspension@f 560 Hz andf50.1, K f52.8,
Kp52000, sp510210 S/m, s f(0)52.4310212 S/m, A50.007,
Ec50.21 kV/mm# and by Ginder and Davis @20# for
BaTiO3–dodecane suspension@f 520 Hz andf50.2, K f52.0, Kp

52000, sp510210 S/m, s f(0)52.4310212 S/m, A50.007, Ec

50.21 kV/mm#.
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the calculatedb* (v)2. Although we did not include the De
bye effect in our calculations, it can be easily included. Ho
ever, in practice the frequency of the applied field is usua
,104 Hz and only a few materials exhibit a Debye fr
quency within this range@29#.

VI. SUMMARY AND CONCLUSIONS

Combined dielectric and conduction effects in E
fluids with non-Ohmic conductivity of the host liquid
were investigated for ac electric field. The following is
summary of the results obtained and conclusions deri
therefrom:

~1! Important parameters affecting ER behavior a
the conductivity ratio at low fieldGs5sp /s f(0), the di-
electric permittivity ratioG«5«p /« f , the normalized fre-
quencyV52p f «0K f /s f(0), and thenon-Ohmic conductiv-
ity parametersA andEc of the host oil. IfGs@G« , the ER
fluid has a high shear yield stress at low frequen
if Gs,G« , the opposite occurs. The combined effect
these parameters on the ER behavior is more complic
than in the case of simply Ohmic conductivity of the ho
liquid.

~2! In the conductivity domain~dc or low frequency ac
electric field!, the shear yield stress is proportional toErms

1.5 ;
in the dielectric domain~high frequency ac field! the shear
yield stress is proportional toErms

2 . In the transition regime,
the situation is complex. If the dielectric ratio is greater th
the conductivity ratio, the shear yield stress exhibits a;Erms

1.5

dependence on the applied field over most of the transi
regime. However, if the dielectric ratio is smaller than t
conduction ratio, the shear yield stress exhibits aErms

2 depen-
dence over most of the transition regime.

~3! The current density of an ER fluid is proportional
s f(0)Erms. In the conductivity domain~low frequency!, the
current density is independent of the frequency. However
the dielectric domain and the transition regime, the curr
density increases with frequency at slightly less than the
power ~i.e., roughly proportional!.

~4! Good agreement occurs between the predicted
measured attractive force of two nearly touching polym
spheres immersed in mineral oil and between the predic
and measured shear yield stress of a BaTiO3-silicone oil sus-
pension. Also, good agreement occurs between the pred
current density and that measured for the two polym
spheres in mineral oil.

ACKNOWLEDGMENTS

This research was sponsored jointly by the NSF Engine
ing Directorate under Grant CTS-9313897 with Dr. M.
Roco as technical monitor and by the NCSU/Industry Co
sortium on ER Fluids with membership by Bridgeston
Ford, Paar-Physica, and Texaco. The authors acknowle
helpful discussions with Dr. C. Boissy. Dr. C. W. Wu wish
to express his appreciation to the China NSF and BSDF
their support during his visit to NCSU.



-

,

d.

ni

-
.

nd

t.

,

s

56 5797DIELECTRIC AND CONDUCTION EFFECTS IN NON- . . .
@1# A. P. Gast and C. F. Zukoski, Adv. Colloid Interface Sci.30,
153 ~1989!.

@2# R. A. Anderson, inProceedings of the 3th International Con
ference on ER Fluids, edited by R. Tao and G. D. Roy~World
Scientific, Singapore, 1992!, pp. 81–92.

@3# D. J. Klingenberg and C. F. Zukoski, Langmuir6, 15 ~1990!.
@4# Y. Chen, A. F. Sprecher, and H. Conrad, J. Appl. Phys.70,

6796 ~1991!.
@5# L. C. Davis, J. Appl. Phys.72, 1334~1992!.
@6# H. Conrad and Y. Chen, inProgress in Electrorheology, edited

by K. O. Havelka and F. E. Filisko~Plenum Press, New York
1995!, pp. 55–86.

@7# Y. D. Kim and D. J. Klingenberg, inProgress in Electrorhe-
ology, edited by K. O. Havelka and F. E. Filisko~Plenum
Press, New York, 1995!, pp. 115–130.

@8# R. M. Webber, inProgress in Electrorheology~Ref. @7#!, pp.
171–184.

@9# N. Felici, J. N. Foulc, and P. Atten, inProceedings of the 4th
International Conference on ER Fluids, edited by R. Tao and
G. D. Roy ~World Scientific, Singapore, 1994!, pp. 139–152.

@10# C. W. Wu, Y. Chen, X. Tang, and H. Conrad, Int. J. Mo
Phys. B10, 3315~1996!.

@11# C. W. Wu, Y. Chen, and H. Conrad, inRheology and Fluid
Mechanics of Nonlinear Masterials, Applied Mechanics Divi-
sion, Vol. 217, edited by D. A. Siginer and S. G. Adva
~ASME, New York, 1996!, pp. 267–276.

@12# L. Onsager, J. Chem. Phys.2, 599 ~1934!.
@13# X. Tang, C. W. Wu, and H. Conrad, J. Rheol.39, 1059~1995!.
@14# X. Tang, C. W. Wu, and H. Conrad, J. Appl. Phys.78, 4183

~1995!.
@15# C. W. Wu and H. Conrad, J. Phys. D29, 3147~1996!.
@16# L. C. Davis and J. M. Ginder, inProgress in Electrorheology,
edited by K. O. Havelka and F. E. Filisko~Plenum Press, New
York, 1995!, pp. 107–114.

@17# L. C. Davis, J. Appl. Phys.81, 1985~1997!.
@18# M. J. Chrzan and J. P. Coulter, Int. J. Mod. Phys. B6, 2651

~1992!.
@19# R. A. Anderson, Langmuir10, 2917~1994!.
@20# J. M. Ginder and L. C. Davis, inProceedings of the 4th Inter

national Conference on ER Fluids, edited by R. Tao and G. D
Roy ~World Scientific, Singapore, 1994!, pp. 267–282.

@21# T. Garino, D. Adolf, and B. Hance, inProceedings of the 3rd
International Conference on ER Fluids, edited by R. Tao
~World Scientific, Singapore, 1992!, pp. 167–174.

@22# C. W. Wu and H. Conrad, J. Phys. D30, 2634~1997!.
@23# C. Boissy, J. N. Foulc, and P. Atten, inProceedings of the 4th

International Conference on ER Fluids~Ref. @20#!, pp. 453–
462.

@24# P. Atten, J. N. Foulc, and H. Benqassmi, inProgress in Elec-
trorheology~Ref. @16#!, pp. 231–244.

@25# C. Boissy~private communication!.
@26# C. Boissy, P. Atten, and J. N. Foulc, inProceedings of the 5th

International Conference on ER Fluids, MR Suspension a
Associated Technology, edited by W. A. Bullough~World Sci-
entific, Singapore, 1996!, pp. 756–763.

@27# D. V. Miller, C. Randall, and A. S. Bhalla, Ferroelectr. Let
Sect.15, 141 ~1993!.

@28# M. Whittle, W. A. Bullough, D. J. Peel, and R. Firoozian
Phys. Rev. E49, 5249~1994!.

@29# C. J. F. Bottcher and P. Bordewijk,Theory of Electric Polar-
ization: Volume II Dielectric in Time-Dependent Field
~Elsevier Scientific Publishing Co., Amsterdam, 1978!.


